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Abstract

This paper present a method for controlling the
stability and bifurcation of the permanent magnet
synchronous machine. This approach employs the
idea used in computing the transition variety sets of
constrained bifurcations to find the stability
boundaries of an equilibrium points in parameter
space. Then, a feedback control method is used to
control the machine and to detect a different
bifurcation points. A theory analysis is used to explain
the evolution of the critical points in the parameter
space. Thus, the paper deals with the analytical
representation of bifurcation of the machine.
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I-Introduction

The investigation of bifurcations in electric motors
is a field of active research due to its direct
applications in many areas, such as, industrial
machinery, electrical locomotives and electrical
submersibles thruster drives,[7], [13], [14]. The
appearing of bifurcations phenomena in machine
drives allows us to study the real stability of
system. As parameters change, the equilibrium
point can lose its stability in such a way that a pair
of complex conjugate eigenvalues of the Jacobien
matrix of the system crosses the imaginary axis of
the complex plane, from the left-half plane to the
right- half plane, such that the machine may start
oscillating with small amplitude. This phenomena
of loss of stability is associated with a hopf
bifurcation where a periodic oscillation emerges
from a stable equilibrium point EP and another
small perturbation on the machine parameters
provokes the onset of growing oscillation. Then, the
dynamics  behavior of permanent magnet
synchronous motor is studied by means of modern
nonlinear theories such as bifurcation and chaos,
[31, [5], [7]- In reality, the dynamic evolution of
natural systems displays a large variety of
qualitatively different long-trem behaviors. The
dynamic of machine can be stationary, periodic,
quasi periodic and chaotic [2]. Many works is f

ocused on analysis of dynamic properties of
controlled drive of permanent magnet synchronous
machine and also on bifurcation of steady states and
possible occurrence of chaotic behavior, [13], [14].
Controlling such instabilities is the mean concern of
many researchs, [6], [8], [11]. These study show
how to stabilize the system, while having a
satisfactory performance, even in the case when
some of the motor parameters were uncertain, [5],
[2]. The critical phenomena are defined by the
position of the boundaries of attraction of the
equilibrium point. The dynamical surface evolution
of the critical point is corresponding to the case in
which one of the eigenvalues of the jacobien matrix
of the linear approximation of the nonlinear system
cross the imaginay axis of the complex plan, [1],
(81, [9], [10], [11].
The paper is organized as follows: the first section
concern to explain the mathematical model of the
machine and a feedback control of the system is
studied in order to determine the global model of
the system. In section2, a Pole placement method
will be detailed where a necessary condition is
analyzed for the appearing of the stability in first
step and a different bifurcation points in the second
step. Another section concern to a numerical
analysis of the existence of critical point.
I1-Mathematical model of PMSM drive system
and preliminaries

1- Mathematical preliminaries
The dynamic of permanent magnet synchronous
machine can be modeled by parameter dependent
differentials equations of the form.
Yix=f(q,u) f:RE-SR3
x € XCR3, u € PCR®
For the constrained system ), define the set of all
equilibrium points to be E, and let E,* denote the
set of all stable equilibria defined as
E, = {(x°,n) € X x P:F(x*®) = 0}
E° ={(x°u) € E;: A(x®) = %1 =1...3, in nonsingular

and all eigenvalues of A(x°) have negative real
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parts}. Note that the jacobienA(x®) = % of the

fonctuon f in the coordinates x in nonsingular for
all (x,u) € E,” and therefore, by the implicit
function theorem, the equations f(x¢, ) =0 can
theoretically be solved uniquely for x¢ as functions
of parameter u, locally near any equilibrium point
in E,°. Hence E,"is a pu— dimensional
submanifold embedded in E,CX X P.

Now, studding of the dynamical behavior of
machine need to define a three sets which constitute
the critical surface boundary (bifurcation)
correspond to specific conditions on the
eigenvalues of the system. As a point on E,
approaches Sgy some eigenvalues diverge to
infinity. The equilibrium has zero eigenvalues in
the set Sgy and has a conjugate purely imaginary
eigenvalues for points in the setSy. Moreover,
generically these bifurcations constitute a dense
subset of the critical surface boundary for the
system and its defined by:

Sen = {(x"’,u) € E,:det(A(x%)) = 0}

Sy = {(x°, ) € E,: det(A(x®)) # 0, detiR,_, (A(x°)) = 0}
Senn = {(x"’,u) € E,:det(A(x®)) = detifR,_; (A(x®)) = 0,}
Where

a; asz as -+ dyp-3
0 a ay .. Gy
Roy=|0 a a .. ays
0 0 0 - a4

2-Model description of the machine
The mathematical model of PMSM with the smooth
air gap can be described as follows:

% = filx,u) = _TRsxl + npx2x3 +%vd

. —Rs n,o 1
Yid Xy =fole,p) = T X2 T MpX1X3 — po3€3 +ovg (D)

kf% =fz(x,u) = %xz —/£x3 _]lTL
3-State feedback controller of PMSM
The linearized model of system around an
equilibrium point x¢ of our machine is described
by[4]
x=F(x,u) =Ax+ Bu+ET,

X3

X1 l‘d
With: x = <XZ) = (}r}a) is the states variables of the

0
Va
system. u = (vq> is the vector of input and £ = 9
0 7
is a constant vector of the load input
_fs n,x°%3 n,x%,
A9 =|-nxty B e+ 2 is the
- pt 3 L 1T
0 npm¢f —_f
2] J

jacobien matrix of mathematical model of machine.

B= is the constant matrix of the machine

oS O =i
o-liRr O

input. Now, We wish to stabilize this system about
some controlled equilibrium state x¢. Let u® be an
input that achives the desired controlled equilibrium
state x¢, that is, F(x¢,u®) = 0. The linear static
state feedback controllers, that is, at each instant t
of time the current control input u(t) depends
linearly on the current state x(t).

The control input can be described by:

u=Kx+r
ki ki kiz][* n
u=Kx+r=\|ky ky kyl||¥2|+ [rz]
0 0 0 1lx3 0

Where K is a constant matrix mxn, sometimes
called a state feedback gain matrix,[4]. When our
system is subject to such a controller, its behavior is
governed by

x=(A+BK)x + Br +ET,

Then, The model of system will be described by the
following differentials equations:

! X = X1 + Ny XXz + Xy + Uzxg +

Vdref
L

v Vare
Xz = Xy — MpX1X3 + [y + fsxz + qTf (2)

| . 1
k X3 = C1Xy + CrX3 _]_TL

with
— _Retkun ki ks _ ko
= L, M= == U=
n +k npm
_wér 23c1=”¢f,c=—£
L 2] J
The machine operate in permanent regime
when,[4]:
2
xze = f € TL

" opm br X3 pmeys
Vg® = Rex1® — pLgxy®x3°

vqe = Ryx3% + pLyx1x3° + p¢fx3e

Now choosing the operation point of machine x¢ =
(%1%, x,%,x3°) we can compute the input voltage
u® = (v4° v,°) and consequently the reference
INpUt 7 = (Wgref , Vgrep ) Will be expressed by:
r=u®—Kx°

Now, the objective is to find the constant of matrix
K such that the linearized model around the
operating pointx® has the following desired
eignevalues,[12]:

P = [-10,-5 + 80i,—5 — 80i]

Using the matlab function K = place(4, B, P), we
can determine the value of the matrix K at the
equilibrium point EP: x¢ = (11.54,6.17,43.38) in
which the load torqueT, = 5N.m, and the inputs
voltage on machine (v,°, v,°) =
(5.0154,47.349).



Then, the state feedback matrix will be defined by:
—-1.090 1431  0.203
K=|-1431 -1.090 -0.016
0 0 0

Now, using the elements of the state feedback
matrix K, we may compute the references inputs
voltages that it’s fixed at (vdref,vqref) =
(—0.0414,71.2821).

And then the parameters of the machine will have
the follows values;

w = —208.1818, u, =130.0909 , u3=
18.4545, uy = —130.0909, us = —50.5455
I11-Bifurcation surfaces expressions

The stability of the dynamical machine around an
equilibrium point will be controlled by the
eigenvalue of the follows matrix of the machine
model describing by equations (2):

A+ BK =
M npx3+p;  npx©y +p3
—Npx°3 + iy My —npx°y + Us
0 1 Cy

Taking the equilibrium point at the origin of
machine x¢ = (0,0,0), the jacobien matrice will be

expressed by
H1 M2 M3l

A+BK =|Hs M1 Us

0 ¢ ¢

So, when the eigenvalues of A, = (A + BK) have
a negative real parts, the closed loop of nonlinear
system is asymptotically stable about x€.

The characteristic polynome of the system is
defined by

P(A) = det(Al — A — BK)

The characteristic polynome of the jacobien matrix

is defined by:

PA) =23+ a1 2> + ayA + a;

Which:

% = =2y — ¢

a2=|M1 #2|+|H1 #3| 1251 .U5|

Ha g 0 c 1 &

= % = Wopty + 2¢o441 — C1its
W H2 U3

az =det(Ay) = —|Ha M1 Hs| = pu(couy —
0 ¢ ¢

c1H3) — pa(Capty — C1Hs)

1-Boundary stability of equilibrium point

Using the Routh-Hurwitz matrix R,,_;, we can
explain the necessary and the sufficient conditions
of stability and then all the roots of the polynomial
have negative real parts, that given by:

A(u) >0,i=1..3

Where A;(u) are called principal minors of the
Hurwitz arrangement of order n

The first condition of stability is that all the
coefficients of the characteristic polynomial are
positive a; > 0.

a; =—C2pu+¢) >0

Ay = uy? — oty + 2Co44 — cus >0

az = pu(copy — cyp3) — py(Copy — c1pas) >0

The second condition of stability need to calculate
the minors of the Hurwitz arrangement.

Ay() =0 =-Quy +¢) >0

— |4 — _
A(w) = |a3 a2| =aq1a; —az3 >0
aq 1 O
As(w) =|as a; a1|=(aya, —az)az =
0 0 aj
azA; (1) >0

In order to study the dynamical behavior of system,
we need to explain the boundaries of the domain of
attraction of the stability of system. Then, a critical
bifurcation surface expression will be detailed, [10].
Thus the domain of attraction of the equilibrium
point x¢ = (x;¢,x,° x3°) is defined by the three
inequalities

A(w) =-Quy+c)>0

A(w) = a;a; —az >0

As(w) = (a1a; — az)az = azAy(p) >0

Thus a necessary condition of the parameter u will
be defined by

< ‘Tcz = 0.0083

2u13+4cop1%—(c1ps—2c22)u1—cicans =1 (‘u)
c1u3+2uzp1 H
pi(capu1—c1ps)
>———>—==]
Hg Caa—c1n3 sv (1)

Note that [, (u) is defined for 2u,u, + cipuz # 0.

Then the critical values of parameter u, are defined
by uyc = =8
2pq

Thus, the parametric function Igy (1) has a critical

point at  py, =”Cﬁ, and the boundaries of the
2

Uy >

domain of attraction are defined by the two planes

—cy

p1= {u € R5|u1 =y = 7}

P2 ={ueRD, (W) = aja; —az3 =0}

And the saddle plan which expressed by the follow
equation

P3 =

{u € R°|A; () = (@10, — az)az = azAy(u) = 0}
Then, the three planesp;, p,, p3  define the
boundaries of the domain of attraction and they are
called the critical bifurcation surfaces which we
will detailed in the next section



2- Hopf bifurcation surface:
Taking the follow case, in which a Hopf bifurcation
point is appeared when the eigenvalues take the
follow form,[24]:
Mz = Ejoy
A3 =Py

Thus, the desired characterisitc equation is defined
by
Pr(A) = 2 = B1A? + 6o* 2 — P10y
Then, p(1) = p, (1) when the coeficients of the
two characteristic polynomials are equal and then
the real and imaginary parts of eigenvalues will be
expressed by.
pr=—a; =2+
0% = Gy = Wy — Hally + 2Co44 — Cyfis
az = —P10p° (3)
Now, replacing respectively B; and o¢,%in the
expression (3) by —a; and a, , The conditions for
the appearing of the hopf bifurcation are defined by
A,(w) = aya, —az; =0, in which we may
determine p, = Iy (44, s) And then the expression
of the imaginary parts of the eigenvalues 4; and A,
will be expressed by

oo(W)?* = az = > = ly(W) + 2cp1 — c1ps

thus

2
_ eipuzprt=(1t+erpspuduityaus _ |p(r)
o) = |

c1u3+2pzp1 q(u)
with
V1 = 261y — 2650113
Y2 = CiCafly — €17 Hi3
Ay, are purely imaginaire if the follows
conditions are satisfied.
q(u) > 0 when yy > % with p, # 0

And p(u) > 0. Now, equating p(u) , then it’s

discriment is A= pg? + aius + a,. With a; =
2y1u2—4v2u3 v1?

———an [ S

12? and a (c112)?

Now, look that A as a function depend of us,
then we will search the roots of A;

A’= (llz - 4(12 =0if 0(12 = 4“2

And then

s (g, iy) = 5+ = THEIEE Thus, taking
A=0, wc(u2,p3) = W# and for
M1 < ¢

oo(w) #0

Then, the eigenvalues 4, , is purely imaginary and
consequently a hopf bifurcation point is occuring.
3-Bagdanov-Takens bifrucation

Taking the case in which g,(u) =0, the two
eigenvalues A;, are equal to zero, then this is a
condition for the appearing of the bifurcation of

codimension 2 that it’s called a Bagdanov-Takens
bifurcation BTand it will be designed by

_ Y1tCilscU2

Ser1 = {(w,x) = op(u) = 0lyy = f}
Another case in which a Bagdanov-Takens
bifurcation is detected when

Sprz = {(,x) > gp(p) = 0lyy =

}'1+011422#5ci\/Z :A> 0}

4-Neutrale saddle bifurcation

This type of bifurcation occur the two eigenvalues
Ay are real and satisfied the follow condition
M+1,=0

The first condion in which A, , are real is verified
if

2W ~ 0 when p(u) <0

qu)
Look that to satisfy this conditon we need to vary

one of the fourth parameter (u,,u3) in which the
roots of p(u) and A as a function of u,, us.

_ 2Y243—Y1H2
Usc (Mo, 3) = Tz
_ Y1tC1Uscu?
Pic (o, t3) = -

The surface Sy play an important role in the
formation of the chaotic region. The chaotic
attractor is formed from a pair of limit cycles which
emerge from the nontrivial steady state in the hopf
bifurcation and undergo a homoclinic bifurcation
with the trivial steady state.

Eigenvalues
BRI ET]

Eigenvalues
BEEETSEEE]

Figurel: Dynamics of eigenvalues in the parameter
plane p; — s

Figure 1 explain the oscillatory dynamic of the
PMSM drive near a hopf bifurcation surface in
which the eigenvalues A; and A, are purely
imaginary. Using the figure 2, one may verify the
oscillatory dynamic of machine in phase plane and
for u; = 0.024888888. Decreasing u; to 0.0243,
dynamic behavior of PMSM will be chaotic
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Figure 2: dynamic behavior of PMSM in phase plan

5-Saddle-node surface:
Now, for the saddle node bifurcation, taking the
follow situation of the eigenvalues
Mz =B Ejoy
2,3 = O
And using the conditions for the appearing of this
critical point, then
az = pa(Copy — cri3) — pa(copy — c1ps) =0
thus
= — mleoui—cips)
Mg = Loy (1, Us5) = (Cana—c1ii3)
And Then, the real and the imaginary parts of the
eigenvalue will be expressed by

—ai 4a2—a12

Po=="00="73

Now,look that B, < 0, when y; < ‘72 = 0.0083.
For another hand, the eigenvalues A4;, are real if
4a, — a;% < 0. in which

4(capur—c1ps)—c2?

Ba > L3(pg, ps) = "

So the evolution of the eigenvalues are described by
the surfaces

2 +/4a;—a,?
511,2(1) ={u=(up)l Ay = w tda, —at <
03

2 +j/4az—a;?
5/11,2(2) ={u= )l 4y = w td4ay —a,’ >
03

Then, the saddle node bifurcation are caracterized
by the follow surface

Sen =

{H = (#1:#3)|A3(#) = (aa; —az)az = azd, (W) = 0: %1 * 0}
This equality defines the structure of bifurcations
on the saddle in the following way. On the saddle
all three of each eigenvalue are not more than zero,
since a saddle is the boundary of the domain of
asymptotic stability and, moreover, on the saddle
we have one real eigenvalue and two complex
conjugate eigenvalues.

mm Real(2s
— Real(l,

o Real(23

Eigenvalues

=S Imag (s

—hnagg).,i
s Imag(As

Eigenvalues
whbbioanoa

Figure3: Evolution of eigenvalues in the parameter
space uy — U3
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Figure4: multi stability of PMSM in phase plan

Figure3 explain the evolution of the surface of the
real and imaginary eigenvalues in the parameter
plan. Then all point in the surface may verify the
two conditions F(x¢) = 0, thus the real eigenvalues
cross a zero for y; = uz = 0. Now, if a small
perturbation of the parameter us, the dynamic of the
PMSM drive will be changed its structure, see
figure4. And then, the multi stability machine will
be defined by to equilibrium point EP, and EP; for
us = 0.00111.

IVV-Conclusion

The paper presents a through bifurcation analysis of
detailed permanent magnet machine with feedback
drive, showing the effect of different control
parameters and on the bifurcation and associated
stability of the system. This paper concentrates on
showing the practical applications of the bifurcation
theory in order to investigate the real stability of
machine

References

[1] Thilo Gross, Ulrike Feudel,” Analytical search for
bifurcation surfaces in parameter space”, Physica D 195, 292-
302, 2004.

[2] Guo-Qing Huang, Xin Wu, “Hopf bifurcation of permanent
magnet synchronous motor chaos system”, International
conference on computational and information sciences,
Chengdu, China,2011.

[3] Antonio Loria, “Linear Robust Adaptive Output-feedback
Control of Chaotic PM Motors”, published in European Control
Conference, Budapest: France, 2009.

[4] Mohamed Zribi, Ahmed Oteafy, Nejib Smaoui, “Controlling
chaos in permanent magnet synchronous motor”, Chaos,
Solitions and Fractals, 1266-1276, 2009.

[5] Zhong Li, Jin Bae Park, Young Hoon Joo, Bo Zhang,
Guanrong Chen, “Bifurcations and chaos in permanent-Magnet
Synchronous Motor”, IEEE transactions on circuits and systems-
1: Fundamental Theory and Application, Vol.49, No.3, March
2002.

CopyrightIPCO-201
ISSN 2356-5608

[6] Abdelhak Chikhaoui, Tayeb Benouaz, Fatiha Lassouani,”
Numerical approach for local bifurcation analysis of nonlinear
physical system”, International journal of computer science
Issues, Vol.9, Issue 2, No 3, March 2012.

[7] Ahmed M. Harb, Ashref A. Zaher, “Nonlinear control of
permanent magnet stepper motors”, Communications in
nonlinear Science and Numerical Simulation 9 (2004) 443-458,
Science Direct

[8] Viktor Avrutin, Michael Schanz,” On multi-parametric
bifurcation in a scalar piecewise-linear map”, Institute of physics
publishing, Nonlinearity 19, 531-552, 2006.

[9] V. Lanchares, M. Inarrea, J.P. Salas, J.D. Sierra, Surfaces of
bifurcation in triparametric quadratic Hamiltonian, Physical
review E, volume 52, number 5, 1995.

[10] Michael Sonis,” Critical bifurcation surfaces of 3D discrete
dynamics”, Discrete dynamics in nature and society, Vol.4,
pp.333-343, 2000.

[11] Henk Broer, Carles Simo, Renato Vitolo,” Hopf saddle-
node bifurcation for fixed points of 3D- diffeomorphisms:
Anzlysis of resonance ‘bubble’”, Physica D, 2008.

[12] AM. Harb, M.S. Widyan, “Controlling chaos and
bifurcation of subsynchronous resonance in power system”,
Nonlinear analysis: Modelling and control, Vol. 7,No. 2, 15-36,
2002.

[13] Yan-Dang Chu, Jian-Gang Zhang, Xian-Freng Li, Ying-
Xiang Chang, Guan-Wei Luo, “Chaos and chaos synchronization
for a non-autonomous rational machine systems”, Nonlinear
analysis: Real world applications 9, 1378-1393, 2008.

[14] Diyi Chen, Peng Shi, Xiaoyi Ma, “Control and
Synchronization of Chaos in an Induction Motor System”,
International Journal of Innovative Computing, Information and
Control Volume 8, Number 10(B), October 2012.


User1
Typewritten Text
Copyright IPCO-2017
ISSN 2356-5608




